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System and control theory investigates how the objects surrounding us behave in time, the
typical processes in the system are slow or fast, what are their qualitative features, and whether
their behaviour can be influenced, and if yes, how.

This knowledge is of fundamental importance in our everyday life. It gives useful knowledge
even for persons who lead a household and have no deep mathematical background. Therefore
this study sets the aim to provide thought-provoking and at the same time useful knowledge for
everybody about system and control theory hardly using the deep mathematical apparatus
behind, but leaning on the direct experiences what everybody gets making the household’s tasks,
e.g. cooking.

1. Systems in the household

A system is a well defined part of the surrounding world which is separated from its environment
by a fix or a moving surface. Our interest is to analyse the behaviour of the system. The system
and its environment are in interaction: the environment acts on the system — this action is the
cause of the behaviour (response) of the system. The system also reacts on its environment as the
result of its response.

The behaviour of systems changes in time. The task of system theory is to provide general
principles, methods and tools to follow, describe, predict and influence — i.e. to control these
systems.

If we would like to describe the system exactly, i.e. to specify it, then we have to give
e the boundary of the system, i.e. which things belong to the system and which things to its
environment.
¢ the phenomena taking place in the system which are of interest, and describe the parts of
the system and their connections, if any.
¢ the environment and the way how the system interacts with its environment.

1.1. The system and its environment

Two simple everyday examples demonstrate the way how to define a system.



Example 1: Two parrots in a cage

Boundary of the system: the cage

Phenomena: movement of the parrots
Interaction with the environment: no
(isolated system)

Example 2 : Pot on the fire

Boundary of the system: the wall and the cover of
the pot

Phenomena: Physical and chemical processes in the

pot during cooking

Interaction with the environment: heating coming

from the oven, putting ingredients into the pot

1.2. Interesting phenomena in the household

For the accomplishment of our daily tasks in the household as cooking, washing, cleaning we
may consider systems representing these processes. In the case of cooking of a simple food, for
example soup we may examine the pot as a system used for preparing the soup, or in case of
baking the system is the whole oven with the baking pan. In case of washing the considered
system can be the steeped dirty sock in the water of the washbasin, or even the whole washing-
drying machine with a lot of clothes.

By description of the physical and chemical processes, as e.g. evaporation, boiling,
carbonization, gas formation, crystallization which take place in typical operations in the



household as e.g. warming up, moistening, solution, chopping, foam beating, baking we can
characterize the behaviour of our systems in the household.

2. Describing the dynamics of systems — system models

We are interested in describing the dynamics of a system that is its behaviour in time. The
properties of the system characterizing its behaviour are described by time dependent variables
which are called signals. These measurable and observable physical variables contain
information about the behaviour of the system. The systems are described by system models
which give the mathematical equations characterizing the relationships between the signals.

2.1. Signals

Example 3: The temperature signal of a pot during heating up
Signals are visualized
by graphs. We plot the

@ time on the horizontal

axis and the value of the
@ @ variable at any given

time on the vertical
axis.

The upper part of the figure shows what is going on in time when we turn the gas on under the
pot and measure the temperature.

The graph on the figure can be read as:
,,I have started to heat the pot up at 10:00 from 20 C° and finished heating at 10:30 when it

reached the boiling temperature, i.e. 100 C°. Between these two values the temperature of the
pot was continuously increasing with a constant speed.”



2.2. System variables: input, output and state variables

When we specify a system we need to give its boundaries and also the ways how it interacts with
its environment. This interaction is described using signals, i.e. time dependent variables, which
contain information.

We distinguish three different groups of system variables.

1. The effect of the environment to the system is described by the so called input signals.
The input signals affect the system and thus play the role of causes of the time behaviour
of the system.

We distinguish two types of inputs to a system:

- disturbances, which are signals we can’t influence; they can be measured or unmeasurable
signals,
- actuators, which are signals we can influence.

2. The effect of the system to the environment is described by the output signals. The
output signals are regarded as consequences in describing system behaviour. Output
signals are assumed to be measurable and directly observable.

3. There is a third set of system variables, called state variables. The state variables are the
inner variables in a system, which characterize the state of the system. The actual value
of the state variables is determined by the past activities in the system, and their value
cannot change abruptly when the input changes in a step-like way. Their values are
needed to determine the future outputs of the system if we know the future inputs. The
number of the state variables depends on the nature of the phenomena in the system.
State signals are not assumed to be directly measurable and sometimes we can’t
influence them directly either.

The mathematical relationships describing the relations between the system variables are
called system models.

We distinguish

e Input-output models, where only the input and the output signals and their
derivatives do appear.

e State space models, where also the state variables and their derivatives do appear.
Example 4: System variables of the pot used for cooking soup

With the simple example below the nature of the system variables is demonstrated.



Output variables:

LTI I TTE

e Temperature of the soup measured by
a thermometer

e Mass of the soup indicated by its
liquid level

o Composition of the soup indicated by
its taste

Input variables:

e Mass, temperature, quality of the State variables:

ingredients Of the SOUp (Water, Salt, ° Temperature Of the Soup
vegetables, etc.) and the time instant
or time schedule of putting them in. * Mass of the soup

« the position of the gas valve on the « Composition of the soup

oven versus time

2.3. Input — output models of systems

If we look on a system from outside that is from the side of the environment — the observer is
always part of the environment! — then we can see only the changes of the input and the output
signals of the system, so we can observe how the system reacts to the input effects. That means
we can experiment how the output signals change when the input signals of the system change in
time.

The input-output model of the pot in which we cook the soup shown in Example 4 in a simple
case is the pair of its input-output time functions, while the whole model can be described by
giving all the possible input-output pairs.



Example 5: Input-output model of the pot used for cooking soup

The figure below shows the cooking process when we prepare the ingredients of the soup in
advance and put them into the pot, the water, the salt and the vegetables (this is the initial state),
then at 10 o’clock we start heating with the gas in the oven. Then at 10:15 we set the tap of the
gas to a lower value and keep this till 10:30 (thus we described the input). We measure the
temperature of the pot as function of time, as the output of the system.

2.4. State variables and state space models of systems

When analysing a system we know what are the interesting phenomena taking place within the
system — e.g. heat processes, chemical effects, etc. in the processes occurring in the household —
then we have the key to figure out what can be its state variables, then based on this we could set
up the mathematical model of the system.

We recall that state variables are not unique: for a given input and output of a system
theoretically infinite number of equivalent state space models and corresponding sets of state
variables can be given — which provide the same input-output behaviour.

A state space model consists of two sets of equations.
e The so-called state equations are dynamical equations (mathematically most generally

differential equations) which describe the variation of the state variables in time as
functions of the input variables, starting from the given initial states.



e The output equations give the relation of the output variables as functions of the state
and input variables. These are static (algebraic) equations in mathematical sense

2.5. Process systems

Process systems are special systems which change their temperature, pressure, the amount
and composition of the materials inside as effect of physical and chemical processes. Most
frequently process systems contain liquids and/or gases, which rarely change their position. In
the household the systems generally belong to the class of process systems.

Continuation of Example 2: Pot on the oven— the pot used for cooking soup as a process
system

A pot used for cooking soup is regarded as a process system. We put the ingredients into the pot
and start heating.

In Example 2 we gave the system description of the pot used for cooking soup.

e the system (the pot and the ingredients of the soup), its boundaries are the wall of the pot
and the cover;

e the way how the system interacts with its environment, in the terminology of systems its
input and output, which are the heating and stirring of the pot.

e the processes taking place in the system, which are heating/cooling, boiling and chemical
processes during cooking.

2.6. Special system properties

Linearity

The so-called linear systems do not produce surprising, special behaviour; if their input is
composed as a sum of individual input effects (e.g. sum of two input signals or double of an
actuating effect) then their outputs are also obtained as the sum of the effects of the individual
input component signals.

This property can be given simply in mathematical form if we remember that the signals are
functions of time and the systems can be considered as operators changing the signals. Let us
denote the two input signals by u; and u,, and the output of the system to these signals by y; and
y2. The system is linear if

e in case of a constant number c the response to an input signal ¢-u; is ¢y,

e and for input (ui+u,) the output response is (y1t+y>)



Process systems which are really linear in practice over a wide operation range are very rarely
found. We can expect, however, nearly linear behaviour for almost every process system in a
narrow operating range or near a steady state when only small disturbance is present and the
state of the system varies around its steady state value.

Linearity is a very important property, as the classical methods of system and control theory
have been elaborated for linear systems.

Example 6: Linear behaviour of the soup cooking pot
Most systems behave approximately linearly for small input changes. Also our soup cooking pot.
At the beginning of the cooking process when we start heating the soup from room temperature

we can observe linear behaviour between the intensity of the heating as input signal and the
temperature of the soup as output signal. This is illustrated by the figure below.
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Time invariance

There are special “ageless” systems, whose reactions, supposing a given initial state, do not
depend on the time point when the input signal or the disturbance acts on them, if otherwise it
runs accurately the same way. Let us suppose that the response of the system for a given input
signal u(t) is the y(t) output signal. The system is called a time invariant system, if starting from
the same initial state, for an input signal u(t+T) shifted by time interval T related to the original
one its reacts by a shifted y(t+T) output signal. In the mathematical models of the time invariant
systems the parameters are constant values.

Example 7. Time invariant behaviour of the pot used for cooking soup

Most systems, including our pot used for cooking soup, are time invariant systems, if the T time
shift is not too big. Every housekeeper knows that, and takes the advantage of that when she
cooks when the children do not disturb her, for example in the late evening. This is illustrated by
the picture below.

3. Why to learn systems? - Analysis, control, diagnosis

Besides the curiosity and challenge there are practical everyday aims of a person (even of a
housekeeper) to learn and understand systems, to learn the basic elements of describing and
handling systems, to understand the methods applied here.



With understanding the
behaviour of systems
and with the knowledge
how to influence them
one may analyse the
possible ways of system
behaviour, may predict
what may happen under
given circumstances, and
may control system
behaviour.

3.1. System analysis: stability

Stability is one of the most important system properties. It describes how the system behaves if it
is a subject to disturbances. Loosely speaking the system is stable if it is not sensitive to any of
its disturbances. Not all of the input signals can be influenced moreover some of them even
cannot be observed or measured. These inputs are the disturbances, whose effect can be observed



at the outputs of the system. Generally we construct control systems to eliminate the effect of the
disturbances (see more details later).

There are two different kinds of disturbances:

e small persistent disturbances which act continuously but their magnitude is small (this is
the case of constant picking),

e large sudden disturbances acting over a short period of time
The system reacts well to the disturbances, i.e. it is stable, if it does not strengthen the effect of
the disturbances, but in spite of the disturbances it remains in the vicinity of its steady state (in
case of constant disturbance), or goes back there (after a sudden, spasmodic disturbance).

Example 8: Stability of the soup cooking pot

Our soup cooking pot is stable with respect to many of its disturbances. We see some of them in
the figure below:

1. the heat radiation of the sun coming through the open window
2. the cold air flow through the open window,

3. the heat coming from the cat’s body.




The influence of these disturbances is negligible on the operation of the pot that is on the soup
cooking process if their magnitude is below a certain level. We certainly not notice their effect
unless some strong thunderstorm breaks out and tumbles down the pot or completely stops the
gas oven, for example.

Stability concepts
There are two different but related concepts of stability

e BIBO - stability, bounded input bounded output stability: the system responds to any
bounded input signal with a bounded output signal. “Bounded” means that the
magnitude (amplitude) of the input and/or output signal (a time function) is bounded, e.g.
the amplitude of the signal related to its average value is less than a given positive
number. This stability concept characterizes the tolerance against a constant but not too
big disturbance.

e A system is asymptotically stable if moving it out abruptly from its steady state it goes
back to its steady state. This stability concept characterizes the tolerance against abrupt,
spasmodic disturbances.

It is important to mention that asymptotic stability of a system means also that the system is also
stable in BIBO sense, but conversely this is not true.

3.2. System analysis: observability and controllability

Observability and controllability are dual properties of a given state space model of the system
(recall that the selection of the state variables, that is the so called realization is not unique: if we
find one we can generate infinitely many other realizations giving rise to the same input-output
behaviour). It is interesting that observability and controllability together is a system property
which is independent of state space model.

Controllability
Controllability plays a key role when designing controllers of any kind. It is the necessary
condition for controller design. A system is called (state) controllable if we can move the system
from an arbitrary initial state to an arbitrary final state in finite time by the proper choice of
the input signal.

Controllability depends on two factors relevant to process systems:

e the physical and chemical phenomena taking place in the system and the selection of
state variables, and

e the selection of the manipulable input variables.



Both factors are present in the mathematical description of the state equation.
Observability

Recall that unlike input and output variables, state variables are not always measurable. Let us
remember that there are a lot of equivalent state space representations of a system, depending on
the selection of the state variables. All these descriptions provide the same input-output
behaviour. In a given state space representation the system is called observable if we can
compute the values of the state variables at any given time instant from a finite part (record)
of the measured input and output signals.

Observability depends on two factors relevant to process systems:
e the phenomena taking place in the system and the selection of the state variables,

e the selection of the directly observable output variables of the system, that is of the
measurement devices.

The first factor is present in the mathematical formulation of the state equation, and the second is
in the output equation of the state space model.

Example 9: Controllability and observability of the soup cooking pot

The figure below illustrates the concept of observability and controllability as applied to the soup
cooking pot.

The state variables in the pot can be: the overall mass of the soup, the temperature of the soup,
and the composition of the soup (concentration and cooking state of the ingredients).

e The upper part of the figure illustrates that from the smell of the vapour effusing from the
pot (output signal) we would like to draw conclusions for the state of the soup in the pot
(its temperature, mass, composition). Unfortunately this is not possible, i.e. the model of
the pot with these state variables and output signal is not observable.

e The lower part of the figure shows the design strategy of a controllable situation. With an
appropriate setting of the tap of the gas on the oven we would like to moderate strong
boiling of the soup (initial state) to a calmer simmering (final state). This required change
can be reached, but only with setting the gas tap as a manipulating variable we cannot
bring the state of the soup from its any initial state to any final state. For example the
over-salted soup will not become tasty only with changing its warm-up. If we only have
the turn of the gas in our hand then we can’t influence the overall mass and the
composition of the soup properly. Therefore the soup cooking pot with these state
variables and with only the turn of the gas tap as input variable is not controllable.



4. Control

Until now we investigated systems as they are, and we have learned about their various
mathematical descriptions (input-output models, state space models). We have analysed their
dynamical properties, like stability, controllability and observability. The main aim of system
representation and analysis is to influence the dynamic behaviour of the systems that is to
control them and to make decisions based on their behaviour (normal or faulty), i.e. to diagnose
them.

4.1. The aim of control
When we manipulate the input signals of a system in order to achieve some goal concerning

its behaviour then we control it. From this description it follows that we should have a goal or
control aim in our mind when approaching a system with the intention to control it.



The simplest primitive control strategy is the so called “generate and test” method: we try an
input signal, evaluate the output from the viewpoint of the control goal, and then try another one
which possibly improves the response of the system related to the control aim. The better and
better input signals are determined with some direct optimisation method.

Generally a controller is designed which is connected to the system to be controlled. The
controller calculates and generates the input signal to the process from the measured signals in
the system in the knowledge of the process model.

Control aims

The usual control aims are formulated by the prescribed required behaviour of the output of the
system (e.g. the output be equal or close to a prescribed constant value), or by the required
dynamic properties (e.g. stability). These aims are to be achieved by the appropriate choice of
the input signal which acts on the system according to its dynamical properties. The dynamic
nature of the system, which is described by the mathematical model of the system, gives a
natural constraint on what we can achieve. This fact is reflected in the sentences formulating the
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control aim as “as close as possible”, “as quick as possible” and so on.

Control methods can be classified according to the control aim. The most common goals are as
follows:

1. We want to keep the value of the output signal as close as possible to its prescribed
value against disturbances which cause the changes. This control task is called
regulation. It is possible to keep the value of the output signal close to a value of a given
reference signal (in this case the required value generally is not a constant, but a given
time function). In this case we speak about servo-control.

2. Another usual control aim is that we may want to move the state variables of the system
from a given initial state to a given final state as quick as possible. This control task is
called time-optimal control, and it is quite common in process systems.

3. Another important control aim can be stabilization of an unstable system, or if we would
like to make the system behaviour calmer (a bit slower) or we would like to damp its
oscillations. This task is called stabilizing control.

4.2. Feedback control

As it was already mentioned, for the choice of the current control (input) signal it is expedient to
take into consideration the effect of the past control signals. When the present input is calculated
considering the present and past outputs and the past inputs, then output feedback is applied. If
the present input is calculated from the state variables, then state feedback is applied.



Example 10: Control of the soup cooking pot

The example below shows the elements of the control task as applied to the soup cooking pot.
Given the soup cooking pot (the system to be controlled). The soup is heavily boiling and even
some of the soup is leaving the pot with the vapour (initial state).

The housekeeper (everywoman) tries to control the behaviour of the pot, she has a goal in her
mind: a nicely and slowly boiling soup (control aim). This situation is shown in the figure
below.

She can modify the state of the soup by adjusting (manipulating) the flame of the gas burner
with feedback based control actions considering also the amount of vapour flow leaving the
pot.

1. She observes a non-acceptable state of the soup, if the vapour leaves the pot violently
also with some liquid soup splotches (measured value of the current output).

2. Thereafter she compares the measured output values related to the goal (slowly boiling
soup), and she seemingly is not satisfied. She decides that intervention is necessary.

3. She decides to lower the heat (optimisation), but not completely closing it, because the
soup has to boil (control constraint).

4. She undertakes a control action: adjusts (lowers) the gas flow to the burner by the tap.

4.3. Control related tasks

In order to achieve smooth and high quality control of different systems in case of wide variety
of possible disturbances, over a wide operation range, and to achieve fault tolerant control, we



need to carry out various subtasks related to control. These subtasks are special areas of system
and control theory which are also very interesting and important.

1. Output prediction

If we want to have an idea what will happen at the system output if we apply a particular
input signal, then we can determine that by simulation using the mathematical model of
the system, before the real application. Some direct optimisation methods using the
“generate inputs and outputs and test” idea apply output prediction.

2. State filtering, state estimation

In practice state feedback control is frequently applied as sometimes it is more effective
than output feedback control. If one applies state feedback for control, then the values of
the state variables are needed. But the state variables are not always directly observable,
therefore we can only compute or estimate them in the knowledge of the model of the
system, using the measured input and output values. The required values of the state
variables can be obtained by state filtering or state estimation.

3. Identification: system parameter and structure estimation

In the design of control of a system we considered that the dynamical model of the
system, its structure and its parameters are known. But unfortunately in practice it is very
rare that the dynamical model of the system is perfectly known. Therefore we need to
estimate the structure and the parameters of the system model from the measured input-
output data using statistical estimation and the methods of identification.

4. Diagnosis: fault detection and isolation

Anything can go wrong in real life. Malfunctions seriously influence the behaviour of
dynamical systems. The aim of diagnostic methods is to find out from the available
measured input-output data, and in the knowledge of the system model whether a fault
did occur in the system and if yes, when and in which point of the system (fault
detection). Fault detection is performed when we only notice that a fault has happened,
thereafter fault isolation may find out which fault it was. If we know the system models
in cases of the possible faulty situations, we can analyse which fault has occurred.



